TWISTED ELLIPTIC GENUS FOR K?, AND BORCHERDS PRODUCT 

TOHRU EGUCHI AND KAZUHIRO HIKAMI 



Abstract. We further discuss the relation between the eUiptic genus of Ki surface 
and the Mathieu group M24. We find that some of the twisted ehiptic genera for if 3 
surface, defined for conjugacy classes of the Mathieu group M24, can be represented in 
a very simple manner in terms of the t] product of the corresponding conjugacy classes. 
It is shown that our formula is a consequence of the identity between the Borcherds 
product and additive lift of some Siegel modular forms. 



1. Introduction 

Studies of the K?) surface based on tlie representation theory of superconformal alge- 
bras (SCA) was initiated some time ago [19]. Therein, the elhptic genus of surface 
was decomposed into a sum of characters of A/" = 4 SCA. Recently, an intriguing property 
of this decomposition was discovered [18]; multiplicities of the non-BPS representations 
are given by the sum of dimensions of irreducible representations of the Mathieu group 
M24. This observation is a variant of the famous Monstrous moonshine [8] where the 
Fourier coefficients of the modular J-function is expressed as the sum of dimensions 
of representations of the Monster group. In our case of "Mathieu moonshine", mul- 
tiplicities of non-BPS representations are Fourier coefficients of a certain mock theta 
function [HI [TJ] . 

The Mathieu group M24 has 26 conjugacy classes. To each conjugacy class we can 
introduce a twisted version of the elliptic genus of K?i surface which is an analogue of 
McKay-Thompson series in the Monstrous moonshine. One can determine uniquely the 
decomposition of the multiplicities of non-BPS representations once one has a complete 
list of twisted genera for all conjugacy classes. 

Recently a completed list of twisted genera became available [3 |23] , [211 [IZ] and by 
making use them the decomposition has been carried out up to a very high level ;^1000. 
This result produces a very strong support for the Mathieu moonshine conjecture. 

In the study of the Mathieu group M24, the r^-products associated with various cycle 
shapes play an important role [131 ED 123] . Purpose of this paper is to present simple 
relationships between the twisted elliptic genera of K?i and the ?7-products for various 
conjugacy classes of M24. Our result follows from the identity of Siegel modular forms 
of degree-2 which are expressed both as an infinite sum (additive lift) and as an infinite 
product (Borcherds lift) simultaneously. 
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Table 1. Representatives of conjugacy classes g. 



The Siegel modular form is physically interpreted as the partition function of | BPS 
states in the CHL model [H [T2] of a heterotic string theory compactified on K3 x S"^. 
The twisted elliptic genera of K3 for conjugacy classes 2A, 3A, 5A, 7A are closely related 
to the Zn orbifold partition function of CHL models P [25 | l29 | [TO] . 

This paper is organized as follows: in section |2] we recall the twisted elliptic genera. By 
use of the Hecke operator, we express the twisted elliptic genus in terms of the ?7-product 
for a number of conjugacy classes. We show that this identity can be derived by using 
the Borcherds product in section [31 The last section is devoted to concluding remarks. 
Notations on modular forms are summarized in the Appendix. 

2. Twisted Elliptic Genus and Cycle Shape 

2.1 Character Decomposition 

The elliptic genus of K3 surface is known to be a Jacobi form with weight and index 
1, and it is decomposed as 

oo 

Zk3{z; t) = 20 ch^^iz; r) - 2 chf ^ {z; r) + V A{n) chf , i i {z; r), (2.1) 

4' 4'2 ' ^4'2 

n=l 

where chf ^{z; r), (£ = 0, 1/2), ch^^i i{z; r) are characters of BPS and non-BPS repre- 
sentations of A/" = 4 SCA in R sector (with (—1)^ insertion), i denotes the iso-spin. See 
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Appendix for their explicit forms. A{n) is the multiphcity of the non-BPS representation 
with h = n + 1/4, and is given as follows; 



n 1 


2 


3 


4 


5 


6 


7 


8 9 ■■■ 


A{n) 90 


462 


1540 


4554 


11592 


27830 


61686 


131100 265650 ••■ 



Numbers A{n) are the expansion coefficients of a certain mock theta function with 
a shadow ?7(r)^ [H]. Observation in [18] is that A{n) is decomposed into a sum of 
dimensions of the irreducible representations R of M24, 

^muhij(n) dimi? = A{n), (2.2) 

R 

and that the multiplicities multij(n) are conjectured to be positive integers. By intro- 
ducing a vector space 

V{n) = ^mnltR{n)R, (2.3) 

R 

we can write A{n) as 

A{n) = Trv(„) 1. (2.4) 
2.2 Twisted Elliptic Genus of K3 

Corresponding to each conjugacy class g of the Mathieu group M24 we can define a 
variant of A{n) by 

^gi^) = Trv(n) 9 = Y1 multi?(ra) Xr- (2.5) 

R 

Here Xr = Tr^ g denotes the character of M24 for the representation R and conjugacy 
class g. We define the twisted elliptic genus Zg{z; r) for a class g by the decomposition 

Zg{z; t) = ixg - 4) chf=i,,=o(^; ^) - 2 chti,£=i(^; ^) + J^^sl^) ch^=„+i,,= i (^; r) 

n=l 

= ^^;^^';!"r (x.M^;^)-S,(r)). (2.6) 

Here ^ ^ is the Witten index of twisted genus, i.e. Zg{z = 0; r). 
We have used 

00 

-giE,(r) = -2 + 5^A,(n)g^ (2.7) 

n=l 

This decomposition reduces to (12. ip when g = lA. 

We classify conjugacy classes into type I and type II; conjugacy classes of type I 
contain a cycle of length = 1, i.e. a fixed point under permutation of 24 elements and 
thus they arise from those of M23. See Tabled! On the other hand conjugacy classes of 
type II are those which are intrinsically M24. These two types of conjugacy classes have 
a qualitatively different behavior. It should be noted that, in our following studies on 
twisted elliptic genera, there is no difference between conjugacy classes with the same 
cycle shape such as 7A and 7B, and we use a notation 7AB for such a pair of conjugacy 
classes. 
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The twisted elliptic genera were first obtained for (mainly) type I classes [5l [23] and 
then obtained for type II classes [211 |T7] , and their complete list is available now. See 
Table E) 

It turns out that their Witten indices are given by 



type I 

lA 2A 3 A 5A 4B 7AB 8A 6A llA 15AB 14AB 23AB 



type II 
others 



Xg 



24 8 6 4 



4 



1 







Note that 



Xg = Trpi g + Trp23 g 



(2.8) 



where pi,P23 denote 1 and 23-dimensional representation of M24, respectively. 



Hereafter we mainly work with the conjugacy classes g of type I which possess non- 
vanishing indices Xg ^■ 



2.3 Twisted Elliptic Genus from the ry-Products of Cycle Shape 

Given a conjugacy class g of M24 and its cycle shape l^i 2*^2 3^-3 . . . ^^j^e corresponding 
?7-product %(t) is defined by 

Vg{r) = l[i'^{tr)r. (2.9) 

i 

For instance, 

V4Air) = r7(r)4r7(2r)2r/(4r)^ r/8A(r) = r/(r)2r/(2r)r7(4r)r/(8r)2, 

It is well-known that the type I classes of M24 have a balanced shape = rj^/i where 
is the order of the element g. As observed in Refs. [131 Ell |33], these ?7-products are 
cusp forms, rig{T) G E>k (ro(A^),x), i.e., weight k cusp form on ro(A^) with character x, 
and they are the Hecke eigenforms. See Table |3] for data of k, N, and x- For our later 
convention, we define a Jacobi form 

^giz; r) = r]g{T) (l)-2,iiz; r), (2.10) 

which belongs to JIfc_2,i(ro(A^), x)?«-e., weight (A; — 2) Jacobi form on ro(A^) with index=l 
and character x- See Appendix jXj for a fundamental property of Jacobi form and the 
definition of 0_.2,i(-2; t). 

In order to relate the //-product to the twisted elliptic genus, we introduce the Hecke 
operator. On the Jacobi form G Jfc,m(ro(A^), x); the Hecke operator T„ acts as [22] 

{T^<f>){z;T) = n''-' J2 Ej^xW^fa;^;^^). (2.11) 

a>0 6=0 ^ ^ 

ad=n 
{a,N)=l 

The character satisfies x{(^) = unless {a,N) = 1, so we may omit a condition in the 
summation. We note that T„0 belongs to Ik,mn (ro(A^), x)- 
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0-2,1(2; r) 



Table 2. Twisted elliptic genus Zg{z;T). 



We find that the twisted elliptic genus Zg{z] r) for type I conjugacy class has a simple 
expression in terms of the ?7-product. Derivation is given in the next section. 

For g = lA, 2A, 3A, 5A, TAB, 4B, 6A, and 8A, we have 

We need a correction term for the remaining type I cases. The yj-functions (I2.10p for 
g = llA, 14AB, and 15AB, are weight modular forms, and we find 

Ziia{z; r) = ^ — v9iiA(r), (2.13) 
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Table 3. ?7-product for conjugacy class g. rjg is a weight k modular form 
on ro(A^) with character x- X is written only if non-trivial. 



Zuab{z; t) = 7(Pi4ab{z; r), (2.14) 

7 ( \ (^2y^l5AB) {Z\ t) 15 

^i5Ab(^; t) = — (Pi5ab{z; t). (2.15) 

^i5Ab{z;t) 2 

For g = 23AB case, the twisted genus can not be expressed only in terms of the function 
V523AB, and we have 

^23Ab(.; r) = _ (^2V^23Ab)(y) _ | (;^3^^(,) + 3 ;^3_^(,)) ^_^^^(,. (2.I6) 
'^23Ab{z;t) 8 

See Appendix for new forms of ro(23), /23,i(t) and /23,2(t). 



3. Borcherds Products 

3.1 Hilbert Scheme of Points on K3 

We first recall the elliptic genus of the Hilbert scheme of points on the K3 surface [121 
[TT] . We consider a "second-quantized" version of K3 elliptic surface 

CXI 

M{Q) = Y,zJ-\z;r)p"^, (3.1) 

m=0 
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where p = e^'^"^, and Q = [11) is in the Siegel upper half-plane. denote the elliptic 
genus of the m-th symmetric product of K?). 

As was pointed out in [11], a generating function M(fi) has an infinite product repre- 
sentation 



M(^) = TTTTTT — 

m=ln=0^6Z V F y S J 



(3.2) 



= exp I ^ {T^Zk^) (z; t) p" 

\m=l 

where c(n, £) is the Fourier coefficients of the K3 elliptic genus 

oo 

Z^3(^;r) = 5^5^c(n,£)g"C'. (3-3) 

n=0 ^ez 

This construction is based on the fact that T^Z^s is a weak Jacobi form with weight 
and index m. Recalling generators of the Siegel upper half plane given in Appendix IA.4[ 
we need to symmetrize the infinite product (13. 2 p in r and a to generate a Siegel modular 
form. After symmetrization and demanding a good modular behavior we obtain 

m=P<ic n (i-P-^g'^cT^""'^- (3-4) 



{n,l,m)>0 



Here a condition (n, £, m) > means 
n > 0, m > 0, and 



G Z, when m + n > 0, 
< 0, when m,n = 0. 



The Siegel modular form $(f2) is the Igusa cusp form with weight 10, and equals M{Q) ^ 
up to an extra factor 



$(f)) M(fi) = pgC (1 - C"')' Uii-q"" (1 - (1 - C"' 



-1\2 



n=l 



= p (fiA{z; t) , (3.5) 
which is called the Hodge anomaly [271 126] . 

It is well-known that besides being an infinite product, the Igusa cusp form $(^^) can 
also be expressed as an infinite sum or Saito-Kurokawa-Maass additive lift, from a weak 
Jacobi form with weight 10, i.e. ri{Ty^(j)-2,i{z] r) = (Pia{z; r) 

oo 

$(n) = $iA(r^) = {TmViA) {z;t). (3.6) 

m=l 

The identity between the infinite product and infinite sum follows from the Koecher 
principle that Siegel modular form with weight is a constant. This relation is inter- 
preted as the analogue of the Weyl denominator formula for generalized Kac-Moody 
algebra [21 EH EH]. 

Our formula of the elliptic genus f l2.12p in the case g = lA 

ToUDi A (z: t) 
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simply follows from (13. ip . fl3.5p and f l3.6p . 

The inverse of the Borcherds product is a partition function of | BPS states, and at 
a pole 2 = its residue factorizes into a pair of | BPS partition functions [12] 

1 1 1 1 _ 1 1 1 

.^0 (2 7ri^)2 " (2 7riz)2 ^^^^(T) ^^Z^' ^^''^^ 

It is to be noted that the Hodge anomaly fl3.5p is related to the coefficients of BPS 
characters in the character decomposition of the elliptic genus for K?)^'^\ 



n (l-pn^)2(l_pn)20(l_pn^-l)2 = E E ( - C"^ 

where 7^,5 is the number of the BPS characters of isospin | representation in the elliptic 
genus of if 3!'"] [H Hg. See also [30]. 



•^S + l A — S — 1 



3.2 Borcherds Product for Twisted Elliptic Genus 



In order to construct an infinite product representation and derive fl2.12p for general 
conjugacy classes, we have to introduce another Hecke operator acting on Jacobi forms 
of the congruence subgroup ro(A^). We set the Hecke operator on G ^k,m,iXo{N)) 
defined as [H [6] 



{z\ t) = n 



k-l 



k —2iTim,n 



;2^)6ro(JV)\Mat„(7V) 



/ nz ar + b 
cT+d (f) I 

CT + a CT + a 



(3. 



where 



Mat„(A^) 



a b 
c d 



a,b,c,d G Z,ad — be = n,c = mod N } . 



We have {z;t) E Sk,mn(Xo{N)). The representatives of cosets are given by cusps 

of ro(ord(5')) as [1] 



ro(iV)\Mat„(iV) 

- u 



Mf 



a b 



^/MO d 



ad = n,ae = mod N,0<b<hf,d^, (3.9) 

//eGCusp(ro(Af)) 

where Cusp(ro(A^)) denotes the set of cusps of ro(A^), and Mf/^ = ({*) G SL{2;Z) 
with a positive divisor e of A^. is the width of cusp f/e, 

N 



{e^NY 



When is prime, the Hecke subgroup ro(A^) has two cusps, r = ioo and 0. The width 
is 1 and N, respectively. 



By use of Zg{z; r) G Jo,i(ro(ord((7))), we introduce an analogue of (13. 2p 



Mg{Q) = exp 



P"^ (VmZg) {z; r) 



m=l 



(3.10) 
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In order to rewrite this into an infinite product form, we introduce tlie Fourier expansion 
of Zg{z; t) at each cusp //e of TQ^oid^g)), 

(Z,|o,iM//e)(^;r)= J2 Y.''9J/e{n,i)q''C. (3.11) 

(For the definition of slash operator, see Appendix |A]). Note that the Fourier expansion 

1 

at a cusp is a power series m. q^<^ . 

It is well-known that Cgjie{n,t) depends only on 4n — £^ [22] and we may write 

CaJ/e{n,l) = Cgj/Mn-e). (3.12) 

We have 

OO ^ /led— 1 

"E^p" E E E E E''.^/a(".'') 

m=l //eGCusp(ro(ord(3))) ad=m b=0 neZ/he i 

ae=0 mod ord{g) 



E EEEf'^-"='"'*-*)E^ (/."cr-"'. 

//eeCusp(ro(ord(g))) n i d ^ a'=l 

where we have used 

oid{g) 



N, = ^. (3.13) 

e 

As a result, we obtain [H E] 

OO OO 

n nnn; p-"' 

//eeCusp(ro(ord(g))) m=l n=0 feZ M _ (^m gU J ^= ' ' 

For the contribution of the cusp at ioo we set Cg^ioo{n,i) = Cg{n,£) which is the Fourier 
expansion coefficients of the elliptic genus Zg and = he = 1. 

It should be noted that only the Fourier coefficients at integral powers in (13. lip con- 
tribute to the infinite product (I3.14p . In Table H] we have tabulated values of the Fourier 
coefficients Cgj/e{m) for integers m < 32. 

By inspection we notice an interesting relation 

heCgj/ein) = CiAin) (3.15) 

//eGCusp(ro(ord(g))) 

for all g G type I. Namely, sum of the expansion coefficients for each cusp weighted by 
the width reproduces the original Fourier coefficients of K3 elliptic genus, l| 



^ There exist more linear relations among Fourier coefScients such as (we abbreviate Cg^ioo to Cg) 

C2A - C4B = 1 , C3A — C6A = 2CgA,i , CiA - C2A = 8C8A,0, 

C7AB — C14AB = 2Ci4AB,ii C3A — C15AB = Sc^gAB,!: etc. 

Making use of these relations and (j3.15l) one can derive a different expression for Mg(ri) for all g £ type I 



1g(r2) = exp 



which is used in some Uterature (see, e.g., [251 151 [5]). 
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Using the Table 4 we note that the rj product for all type I class g can be uniformly 
written as 

7]g{T)= Y[ r/(Ar,r)feK-^/'=(°)+2"«'^/=(-^)]. (3.16) 

//egCusp(ro{ord(g))) 

Here we see how the cycle decomposition of an element g corresponds to the decompo- 
sition into cusps of ro(ord((7)). Length of each cycle equals A^e and its power is given by 

k;/e(0) + 2c,j/e(-l)]. 



As before, by symmetrizing p and q in f l3.14p we set [B] 



X 



n 



(3.17) 



//eGCusp(ro(ord{g))) n,m,i&Z 
(n,m/)>0 



By checking transformation properties under generators of a congruence subgroup given 
in Appendix IA.4t we see that $g(f2) is the Siegel modular form on T^(^\oTd{g)) [I] E]. 
Comparing with f l3.14p . we find the Hodge anomaly 



(3.18) 



Furthermore as shown in [6] , the Borcherds product can be written as an additive lift 
of the //-product 



(3.19) 



m=l 



for g = lA, 2A, 3A, 5A, TAB, 4B, 6A, and 8A. Our formula (12712]) follows 
from f lXTU]) . dsn, and OCT]) . 

In the case of remaining conjugacy classes, the weight of Jacobi form (fg becomes zero 
or negative and the situation is somewhat complex. For g = llA, we conjecture the 
following relation for the Borcherds product f l3.17p 



exp 11 5^ (T^ipuA) {z; r) - 1 



m=l 



Similar relations are conjectured for 14AB and 15AB, 



14AB 



15AB 



14 
1 

15 



exp 14 5^ {TmfuAB) {z; r) - 1 



m=l 

oo 



exp 15 5^ p'" {Tm^i5AB) {z; r) - 1 



m=l 



(3.20) 

(3.21) 
(3.22) 



We do not have an analogous expression for 23AB. 



We note that exactly the same exponent as f l3.16p appears in the RHS of f l3.17p . Then 
again the inverse of ^g{fl) factorizes at its pole into r] products, and we obtain 

1 111 



$g(^]) ^^0 (2 7ri^)2 rigir) rig{a)' 



(3.23) 



for all g G type I. 
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4. Concluding Remarks 



In this paper we tried to obtain a simple and direct relationship between r^-products 
of various conjugacy classes of M24 and the corresponding twisted elliptic genus of K?) 
surface. It seems that the simplest way to derive such a relation is to use the identity 
of Siegel modular forms which may be constructed either from Borcherds products or 
Saito-Kurokawa additive lifts of Jacobi forms. 

Relationship (12.121) seems to exhibit some deep relation between M24 and K?) surface. 
RHS is based purely on M24 and has nothing to do with K3. It, however, coincides with 
LHS which is the twisted genus of K?>. 

We have so far discussed (I2.12p and its variation only in the case of type I classes. If 
one tries to find a similar relation for type II classes, one obtains 



Z2b{z] t) 

Z4A(^;r) 



Zioa{z; t) = r 10 ifioAiz; r). 



Zi2a{z;t) 



VwAiz;r) 
(T2V?i2a) jz; r) 
^i2a{z;t) 



- 12(Pi2a{z; t) 



which has the same form as the type I classes. 

Unfortunately, in the case of other type II classes we obtain expressions which do not 
seem to clarify the relationship between M24 and K3 surface 



ZQB{z;r) 



Zac{z; r) 



Z3b{z;t) = 

{T2ipm) {z; t) 
^6b{z;t) 



(T2^4c)(^;r) ..!?(2r)SK8rr . . 

- 16 r—. (P-2,i{z; T), 



<^4C{z;r) 
(^2V?3b) jz; r) 
V'3Biz;r) 



r7(4r)4 



(t>-2Az;T), 



2 VmiV H TTT^T^ h 6 T^r^T^ h ° 



?7(6r)^ 



r/(12r) 



<P-2,i{z;t), 



As a whole, type I classes are reasonably under good control while we still know very 
little about type II classes. Twisted genera of type II classes have vanishing Witten index 
and appear to have a little contact with the classical geometry of K3 surface. On the 
other hand its character expansion is described in terms of modular forms and should 
be easier to handle than the type I classes. We hope to report progress on these issue in 
the near future. 
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A. Modular Form 



We introduce new forms of level-23 



/23.i(r) = \ mr)f + \ Q,{t) Q.ir) - ^ [Q,ir)f 



5 



/23,2(r) = [r7(r)r/(23r)] 



2 



(A.i; 



We collect facts about modular forms. See, e.g., [21 [22], for details. 
A.I Jacobi Theta Functions and Dedekind 77-function 

The Jacobi theta functions are defined by 

ngZ 
neZ 

The Dedekind ?7-function is 

00 

r^(r)=gM (A.2 

n=l 

We set the Eisenstein series by 

AN),_, 24 ^d^JviNr 



where the G-functions are 

02 (t) = ^ ^ ^2m2+mn+3n2 
m,n€Z 

A.2 Modular Form 

We set the slash operator 

U\kl){r) = (det7)^ {cT + d)-" /(7r), (A5) 
where 7 = ( ^ d) is an integral matrix. A modular form /(r) G M/c(ro(A), x) satisfies 

if\kl)ir) = x{d)f{T) (A.6) 
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for 7 = ^) € ro(A^), and x is a Dirichlet character modulo A^. 
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-A: 2TTim.^^ , I ^ aT + b 



A. 3 Jacobi Form 

We define the slash operator 

^^k^l) {z; r) = (det 7)Mcr + dy' e^^^™^ 

CT + a CT + a 

for an integral matrix 7 = ( " d)- Then the Jacobi form (plz; r) with weight k 
m e Z on ro(A^) with x{d) fulfills 

(0|fc,m7) {z;r) = x{d)(j){z;T), 
(j){z + ST + t;T) = e-2-™(^'-+2-) r), 

where 7 = ^) ^ ro(A^) and s,t E Z. We set such space as JA;,m(ro(^)) x)- 
of the Jacobi forms Jfc,m(r(l)) are as follows [22] : 



0-2,i(^;r) 



^oo(0;r) 



+ 



^oi(0;r) 



,^^io(0;r) 

A. 4 Siegel Modular Form 

The Siegel modular form of degree-2 and weight A; is a function of Q 
Siegel upper half plane satisfying 

F{{AQ + B) {CVl + D)-^) = det{CQ + D^FiQ). 



(A.7) 
and index 

(A.8) 
Examples 

(A.9) 
(A.IO) 



in the 



(All) 



Here M 



A B- 
CD. 



G Sp{2; Z) fulfills JM = J iov J = { X )• We use the congru- 



(2) 

ence subgroup Fq (A) given by 



C = mod A 



Its generators are fT] 

/O 1 o\ 
10 
1 

yo 1 oy 



A 








\ 


n 


1 














1 


—n 













(a 6 0\ 

10 

cA 

y 1/ 



I2 B 
I2 



where n G Z, {°^\) G ro(A), and = B. Note that the first one corresponds to 
symmetrization of r and a. 



B. AT = 4 Superconformal Characters 



The characters are defined by 

chf .(2:; -r) = Tr^ 



(B.l) 
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where R means the Ramond sector of the theory. They are exphcitly given as follows |20l 
• BPS (massless) representations {h = ^' 



[1 
[2 
[3] 
[4] 
[5] 
[6] 
[7] 
[8] 
[9 

[lo; 
[11 

[12 
[13 

[14 
[15 
[16 
[17 



4^ 

2 



[Mfil)] 

Ivir)] 



ch« i {z; r) + 2 chti ,=o(^; ^) = ^ . '3 ^ (B.3) 



1 [^11 



2 



4' 2 4. [^(^)] 



where 



; pir'iz „in(n+l) „27rinz 



non-BPS (massive) representations {h > j 



4^ 
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